We explore the time-evolution of correlations in a homogeneous gas of lattice bosons with filling factor n0, following a sudden reduction in the lattice depth to a regime where the interactions are weak. In the limit of vanishing interactions, we find a simple closed form expression for the static structure factor. The corresponding real-space density correlation function shows multiple spatial oscillations which disperse linearly in time. By perturbatively including the effect of interactions, we study the evolution of boson quasi-momentum distribution following the quench. In 1D, the quasimomentum distribution develops peaks at finite momentum which disperse towards q = ±π/2. In 2D, the momentum occupation rapidly approaches a thermal-like distribution. Quasi-long range order is never found at finite time. Our studies provide insight into the dynamics of isolated quantum systems.
I. INTRODUCTION
While many phenomena in nature can be qualitatively understood by simple "mean-field"-type theories, these approaches inevitably capture only a subset of the interesting physics. For example, the Mott insulating state of lattice bosons is not inert, rather there is a gas of particlehole pairs which gives rise to a finite correlation length. Similarly, a superfluid is not fully characterized by a coherent state. Recent experimental advances in ultra-cold gases have given us new tools for studying these fluctuations [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . A particularly promising technique (largely unique to cold atoms) is to rapidly change the Hamiltonian parameters such as hopping rate J and interaction strength U . The evolution following such a quench gives many insights into the single and many-particle properties of the system -the spectrum of excitations [11, 12] , the manner in which correlations develop [13] [14] [15] , and the role of quantum coherence [16] [17] [18] [19] . Here we calculate how various correlation functions evolve after an instantaneous quench from a strongly interacting Mott insulator (U ≫ J) to a weakly interacting superfluid (J ≫ U ). Our calculations are inspired by recent experiments at Munich [13] , but we consider a quench to much weaker interactions.
We calculate how density-correlations evolve following a sudden quench. By working in the weakly interacting limit we produce analytic expressions valid for arbitrary filling factors. In particular, for a quench to a non-interacting gas, the time dependence of the static structure factor is quite simple. By perturbatively including the interactions, we show that density-density correlations are unaffected to linear order in interactions. Our weak coupling calculations complement classical field studies [20] [21] [22] valid at large filling factors, sophisticated numerically exact approaches [23] [24] [25] [26] [27] [28] [29] [30] and strong coupling theories [19, 31] . Remarkably, much of * snatu@umd.edu (t)a0(t)a d (t) (Eq. 5) plotted after some time t of evolution following a quench to a non-interacting state. The vertical line demarcates the region within the lightcone after this time. Correlations decay exponentially outside the light-cone with some correlation length ζ. Within the light cone, correlations decay algebraically with some exponent γ. For the quench considered here, we numerically find γ to be quite small, on the order of 10 −2 . Characteristic oscillations on the order of a lattice site are observed, arising purely from the underlying lattice band-structure.
the physics seen in the strong coupling calculations is already present at weak interactions. For example, we show that the density correlations spread ballistically [13, 14, 24, 31, 32] , and display damped oscillations, an effect arising purely from the underlying lattice.
Our studies are particularly relevant to understanding how isolated, quantum systems approach equilibrium [23, 30, [33] [34] [35] [36] . This is a relatively new area of research, primarily motivated by experiments in ultra-cold gases. Here we study the momentum distribution of the lattice Bose gas after a sudden quench to weak interactions. We demonstrate that in 1D, our system does not relax to thermal equilibrium on a timescale t ∼ J/(U n 0 ) 2 following the quench, despite having exponentially decaying correlations in real space. However, in higher dimensions, the momentum distribution rapidly approaches a thermal distribution. For the one and two dimensional cases considered here, quasi-long range order is never established in finite time.
II. FORMALISM
We consider a homogeneous gas of bosons in an optical lattice described by the single-band Bose-Hubbard Hamiltonian [37, 38] :
(1) where a i (t) denotes the boson annihilation operator at site i, J denotes the hopping and U the on-site repulsive interaction. The kinetic energy sum is over nearest neighbor pairs ij .
The basic objects of our study are the one-and two-body density matrices; g
More generally we write the n-body density matrix as g
..a j1 (t) . In various references, these are also referred to as the n-body correlation functions, the 2n point functions, or the equal time Green's functions.
The one-and two-body correlation functions can be readily probed in cold-atom experiments. The former is related to the momentum distribution function g(k)
which is probed through bandmapping [3, 4] or time-of-flight [16, 17] . The densitydensity correlation function g ij ji can be measured directly using the advanced imaging techniques developed at Chicago, Harvard and Munich [5] [6] [7] . Momentum resolved experiments such as Bragg scattering [1, 2] or noise spectroscopy [8, 9] can be used to probe the structure factor S(q) = ρ †
The equations of motion for the n-body Green's functions are constructed from the equations of motion for the operators a i (t) and a † i (t):
where all temporal dependence is implicit. For the one-and two-body Green's functions we obtain:
where the notation i denotes a sum over all the nearest neighbors of site i. , and the term proportional to J in Eq. 3 vanishes.
The interaction term couples the n-body Green's function with the n+ 1-body Green's function. The full interacting many body dynamics is described by the resulting infinite set of coupled differential equations.
Here we limit ourselves to the case of a shallow lattice, where interactions are weak following the quench. The single-band Bose Hubbard model is a valid description of bosons in optical lattices even for shallow lattices (J/U ≫ 1), provided that the mean separation between the bands is larger than the interaction energy (alternatively V R /E R > 1, where V R is the lattice depth). Most of the experiments are in this regime.
Throughout this paper, we assume that the initial state at time t < 0 is a homogeneous Mott insulator with n 0 bosons per site (U = ∞). At t = 0, we suddenly quench the system to a final value of interactions U ≥ 0 and study the subsequent evolution of the correlation functions. The dynamics is studied using a weak-coupling perturbation theory in the dimensionless parameter U/J which is assumed to be small following the quench.
Since we are interested in the weakly interacting regime, understanding the non-interacting limit is crucial [31] . We first set U = 0 and calculate the noninteracting density-density correlation functions (Eq. 4). We then perturbatively include the effects of U , determining how interactions influence the density-density correlations and the quasi-momentum redistribution in the lattice (Eq. 3).
III. DENSITY-DENSITY CORRELATIONS IN 1D
We start by considering a one dimensional system and choose a homogeneous initial state with a density of n 0 bosons per site. At t < 0, the sites are completely decoupled, leading to a uniform quasi-momentum distribution with magnitude g(k) = n 0 . At t = 0, we suddenly quench the system to a non-interacting state U = 0.
In the absence of interactions, there is no quasimomentum redistribution, and the momentum occupations do not change in time. This can be easily seen by taking the Fourier transform of Eq. 3. However densitydensity correlations given by Eq. 4 show interesting dynamics.
Setting 
The second term generates no dynamics and produces an overall constant, which we ignore.
In real space, the density-density correlation function then becomes:
whereg ij ji symbol is the correlation function after subtraction of the constant term, d = i − j, and
is the Bessel function of first kind. A similar expression for the non-interacting limit has been also derived by Barmettler et al. who focus on quenches to much stronger interactions (U ≥ J) [31] .
In Fig. 2 , we plot the dynamics of the two body Green's function. As is apparent in the figure, the density correlations spread in a light-cone-like manner. One can extract a characteristic velocity associated with the ballistic spread of correlations by plotting the location of the maximum ofg d (indicated in Fig. 2 by the dashed line) as a function of d. We obtain a velocity of v = 3.7Ja. Studies by Barmettler et al. show that this velocity has a dependence on d and approaches 4Ja as d → ∞ [31] .
We emphasize that "light-cone dynamics" is a feature of the lattice and not the interactions. As pointed out by Calabrese and Cardy, the initial state has very high energy (E = 0 in our case) compared to the ground state of the final Hamiltonian (E g = −2J in our case) and acts as a source for quasi-particles traveling in different directions [14] . These matter waves carry information about correlations in the initial state. At time t after the quench, the waves emanating from points d = 2vt apart interfere, giving rise to an interference pattern in the density-density correlation function. In the non-interacting limit, these matter waves are simply freely propagating bosons propagating with a maximum velocity of 2Ja in opposite directions, giving rise to the factor of 2 in the above expression for d. Correlations decay exponentially outside the region described by the light-cone (see Fig. 1 ).
The density-density correlations for a non-interacting gas (Eq. 5) bear a striking similarity to the features observed both numerically and experimentally in the strongly interacting regime [13, 29, 31] . In fact, these features appear to be generic [15] and have also been observed in interacting Fermi systems [32] . This similarity suggests that a similar mechanism is responsible for the build-up of correlations in the strongly interacting limit, where instead of freely propagating bosons, one has freely propagating doublon and holon pairs with a new propagation velocity. For very strong interactions, one estimates that the doublon hopping matrix element is J doublon = 2J), and correlations propagate with a velocity v ∼ 2Ja(1 + 2) = 6Ja, which is consistent with the experimental and numerical findings [13, 31] .
We now briefly discuss the signatures of light-cone dynamics in momentum space. In Fig. 2 , we also plot the structure factor obtained by taking the Fourier transform of the density-density correlation function. This can simply be read off from Eq. 5 as S(q)(t) = n 0 (n 0 − 
. Line shows the location of the peak ing d used to extract the velocity of spread of correlations. We find v = 3.7Ja, consistent with the spreading velocity expected for non-interacting particles. As discussed in the main text, the structure of the densitydensity correlations is robust against interactions to first order in U/J. Right: Time-Evolution of the structure factor. Lighter colors indicate higher intensity. At t = 0, all momenta are equally occupied and S(k)(0) = 1 for all k. At intermediate times S(k) shows oscillations due to interference between atomic wave-packets moving ballistically. Higher momentum contributions to S(k) decay as 1/Jt, consistent with the linear spreading of correlations in real-space.
2 . At t = 0, the structure factor is a constant as all momentum states are equally occupied. As the system begins to develop correlations between neighboring sites, the structure factor shows periodic oscillations whose amplitude decays in time. Using the asymptotic behavior of the Bessel function J 0 (z) ∼ (2/πz) 1/2 cos(z − π/4)) as z → ∞, we find that for long times the oscillations have period τ osc = π/[4J sin(k/2)]. At long times, the correlations are found to decay to steady state values as 1/Jt. In k space, the envelope of the structure factor decays as 1/k. These features can be readily accessed in experiments.
The long time behavior of correlations however is very different in the non-interacting and strongly interacting limit. In contrast with the rather slow decay of correlations for the quench to U = 0, density-density correlations appear to decay rapidly in the strongly interacting case [11, 13, 31] . The mechanism for the decay contains information about the nature of the quasi-particles and their interactions and merits further study.
We now consider a quench to a weakly interacting final state U/J ≪ 1 and compute the effect on the densitydensity correlation functions to first order in perturbation theory. Interestingly, we find that the non-interacting density-density correlations are completely unaffected.
In order to calculate g pq rs to first order in interactions, we Fourier transform Eq. 4 and assume that the three-body correlator g pqr suv evolves freely as it would for a noninteracting system. We then substitute the expression for the three-body correlation function into Eq. 3 and obtain the two-body correlation function in Fourier space (details are supplied in Appendix A): The first term in the brackets is the non-interacting twopoint correlation function which now acquires a time and momentum dependent correction of order U/J from the three-body terms (Eq.4).
Taking the Fourier transform of the above expression, one finds that g ij ji is completely unaffected to linear order in U/J, for any filling. Our calculations imply that for a quench to the weakly interacting regime, g
2 , where g (0)ij ji (t) is the non-interacting density-density correlation function calculated above.
Different behavior is found when the initial state is a weakly interacting superfluid [11] . In this case, following the quench, the density-density correlation function to leading order is proportional to U n 0 n ex where n 0 is the condensate density and n ex is the density of quasiparticle excitations out of the condensate.
IV. MOMENTUM DISTRIBUTION IN 1D
As in the case of the density-density correlations, we calculate the momentum distribution perturbatively in the final (dimensionless) interaction strength U/J. In the absence of interactions (U = 0), there is no momentum redistribution. Thus we must take U = 0 after the quench in Eq. 3.
To leading order in the interaction strength U , we solve Eq. 3 by replacing the two body correlator g kl ij (t) with the noninteracting result in Eq. 5. We find that the occupation numbers obey:
where we have normalized time in units of 1/2J. Note that to first order in U/J, interactions merely shift the magnitude of the momentum distribution. The righthand-side of Eq. 7 is invariant under the inversion q → −q but switches sign under the transformation q → π − q. This implies that q = ±π/2 is a stationary point and states at q = π/2 have no dynamics. In real space, this symmetry implies g 
(cos(p)+cos(q)−cos(r)−cos(s)) , while conserving total momentum. States at q = ±π/2 do not evolve, as cos(q) vanishes here.
In Fig. 3 we plot the evolution of the quasi-momentum states obtained by integrating Eq. 7. At t = 0, all momentum states are equally occupied. At short times following the quench, quasi-momentum states explore the band and the low momentum occupation begins to grow. At intermediate times, the momentum distribution develops peak-like features which migrate towards the stationary points q = ±π/2. Expanding Eq. 7 near q = π/2, one finds that the slope of the momentum distribution near π/2 grows as (t/J) 2/3 . At long times, the rate of momentum redistribution slows down, and the system settles into a more or less steady state with a relatively flat quasi-momentum profile near q = 0, and sharp peaks near q = ±π/2. Owing to this spectral feature, in real space only g i j (with d = |i−j| odd) are appreciable at long times.
The Fourier transform of the momentum distribution reveals the dynamics of the one-body density matrix, which is plotted in Fig. 3 . At short times the singleparticle correlations spread in a manner similar to the density correlations. Local correlations are rapidly established on a time of order J −1 . Long range order, however, requires communication between widely separated sites and take longer to develop.
As correlations can develop at best linearly in time, infinite range order is not found at any finite time. This is evidenced in Fig. 3 (bottom-right) where the one-body density matrix is plotted as a function of the separation d = i − j between sites at long times. The envelope of the one-body density matrix (for odd sites) is found to decay exponentially indicating an absence of any long range order.
Although the system reached a steady state, with exponentially decaying correlations in real space, the momentum distribution in Fig. 3 is distinctly "athermal". We attribute this to the fact that to first order in U/J the evolution conserves the occupation of quasi-momentum at q = ±π/2.
It is then natural to ask whether this momentum distribution will survive when particles are allowed to scatter to and from q = ±π/2. These effects first enter at order (U/J) 2 , and are considered below. By substituting the first order result for the two-point function g pq rs (Eq. 6) into the expression for the momentum distribution Eq. 3, we can evaluate the dynamics of the momentum distribution to second order in U/J.
The full expression for the momentum distribution upon inclusion of the second order terms reads:
where R denotes the real part of the expression. Some of the details of the calculation are presented in Appendix B.
The first term in the right hand side of Eq. 8 is simply the first order result, rewritten.
The second term, proportional to (U/J) 2 has two contributions: The term proportional to n 2 0 (n 0 − 1) represents the scattering of two-particles and is the dominant process at this order. In addition, there is a sub-leading contribution (which has an additional factor of J k in Eq. 8) which arises due to scattering of three particles.
In Appendix B, we discuss both these terms and their effect on the momentum distribution independently. We find that unlike the first order result which was antisymmetric about q = ±π/2, both the O(U/J) 2 terms give rise to a distribution that is symmetric about q = ±π/2. The term proportional to n 0 (n 0 − 1)(n 0 − 2)δ(p + q + r − s − u − v) in Eq. A-3 tends to decrease the occupation of momentum states near q = π/2, while terms like n 2 0 (n 0 − 1)δ ps δ q+r−u−v in Eq. A-3 tends to increase the occupation near q = π/2. To quadratic order in perturbation theory, this term dominates over the former, ultimately enhancing the peak-like features seen at finite momentum. Evolving the system for longer times the momentum occupation develops symmetric peaks about q = ±π/2.
In Fig. 4 , we plot the momentum distribution upon inclusion of the quadratic terms. We attribute the appearance of peaks at q = π/2 to the restricted phase space available for scattering in 1D. Near q = π/2, the dispersion becomes linear and the constraints of momentum and energy conservation relax into a single constraint. One may expect therefore that the bulk of the two particle scattering occurs near these points. Unlike fermions, Bose statistics tends to enhances the probability of scattering into states that are already occupied, thus leading to an enhancement of the peaks over time.
We emphasize however that our approach only captures the initial stages of equilibration. A full treatment of thermalization should take multiple scattering processes into account and is beyond the scope of this paper. In the Appendix we show that scattering of three particles tends to suppress the occupation near q = π/2. These processes will become important on times t ∼ J 2 /U 3 , and may eventually drive the system to a thermal distribution.
The structure near q = ±π/2 in Fig. 4 is reminiscent of the peaks seen in simulations of expanding 1D interacting bosons by Rigol and Muramatsu [25] and subsequently by Rodriguez et al. [26] . Our calculation which is valid for times t < J/U 2 , finds a similar suppression in the momentum occupation at k = 0. Taking the Fourier transform of the momentum distribution, we find that the one-body density matrix now develops correlations between sites separated by even lattice spacings. However at long distances, correlations still decay exponentially, and long range order is not observed. Thus the peaks seen in the momentum distribution in our case do not correspond to a quasi-condensate.
Our calculations are similar in spirit to the interaction quench considered by Moëckel and Kehrein in the fermionic Hubbard model [35] . The picture they develop is that the system shows an initial build-up of correlations, reaching a non-thermal steady state on intermediate times, and an eventual approach to equilibrium on much longer timescales. Our calculations point to a similar picture for quenches in lattice bosons. It will be extremely interesting to understand why this picture is generic.
V. TWO DIMENSIONS
We now generalize our results to higher dimensions. Concretely, we consider the case of a two-dimensional square lattice, initially containing n 0 particles per site, and investigate the dynamics following a sudden reduction of the lattice depth to the weakly interacting limit.
Since the "light-cone" effect arises primarily due to the bounded lattice spectrum and not the interactions, one expects it to persist in higher dimensions as well.
We now calculate the density-density correlations for a quench to U = 0 in 2D. Repeating our 1D arguments in one higher dimensions, one immediately finds the structure factor evolves according to S(q x , q y )(t) = n 0
As in the one-dimensional case, by taking the Fourier transform of the above expression one finds that the densitydensity correlations evolve in a manner identical to the one-dimensional case, with a characteristic velocity that now depends on direction. At long times, correlations decay with a power law 1/t 2 (as opposed to the 1/t decay in one-dimension). After a time t, correlations spread
Rapid equilibration of momentum distribution in two-dimensions Momentum distribution along the {π, π} vector obtained by integrating Eq. (3) in two-dimensions assuming an initially uniform distribution. The blue, green and purple curves correspond to times t = 0.25/J, t = 0.5/J and t = 1/J respectively. In contrast to the one-dimensional case, the distribution evolves rapidly to a broad peak at k = 0, with no further dynamics.
over a volume ∼ v 2 t 2 where v is twice the characteristic velocity of an free particle (for example, v ∼ 4 √ 2Ja along the {π, π} wave-vector).
In analogy with the 1D calculations, we calculate the momentum distribution following a quench in 2D, finding dramatic differences. Including interactions perturbatively to order O(U/J) 2 , we plot in Fig. 5 , the momentum distribution along {π, π}. At long times the distribution is characterized by a broad peak centered around k = 0. The presence of a broad peak indicates that only short range correlations are developed, and the absence of any long range order (either true long range order or algebraic).
An important difference between the one and twodimensional results is the timescale for momentum distribution. While the 1D distribution continues to evolve on times t ∼ 50/J, the 2D momentum distribution reaches a steady state much faster. This is due to the rapid decay of density-density correlations in higher dimensions, which drive the redistribution of quasi-momentum. Our findings are consistent with numerical calculations by Sau, Wang and Sarma [28] who consider quenches to much stronger interactions U ∼ 2J, finding that the final momentum distribution rapidly becomes thermal.
VI. SUMMARY
By considering the dynamics of lattice bosons following a quench to a weakly interacting final state, we have explored how correlations develop in a many-body system. Our analytic work complements the large body of numerical work on this subject by working in a regime where numerics is prohibitive due to the large Hilbert space needed to accurately capture the dynamics.
Surprisingly, much of the behavior seen in the strongly interacting system is already present for weak interactions. For example, we find that correlations develop in a manner similar to those seen in experiments [13] . We emphasize that these features are merely lattice effects and should not be attributed to strong interactions. Numerical studies have also found that the light-cone behavior is generic to a wide range of interaction strengths [31, 32] . We have also shown that the these features in the density density correlation function are robust to first order in perturbation theory in the interactions.
In addition, we have studied how quasi-momentum states evolve following the quench. Surprisingly we find that for a quench to weak interactions, the quasimomentum distribution develops peaks at finite momentum that migrate to k = ±π/2 over time. In real space this implies correlations between sites separated by odd lattice spacings. It will be extremely interesting to observe this signature experimentally or in numerical simulations. By working to second order in U/J we show that these peaks are robust on times t J/U 2 . The nature of the one-body density matrix is directly related to understanding whether the system develops long-range order after a quench. Over a decade ago there was a large body of work asking analogous questions with thermal quenches [39] . The picture they developed was one of nucleation and subsequent coarsening. Similar physics is expected in the quantum case [40, 41] . Here we show that for a quench from the insulating phase, long range order is not established after a finite time (either algebraic or true), and the one-body density matrix decays exponentially in real space. Nonetheless we find a highly non-trivial momentum distribution in 1D, indicating that the dynamics is non-ergodic.
VII. FUTURE DIRECTIONS FOR THEORY AND EXPERIMENT
We conclude this paper with a discussion of what in our view constitute important future directions for theory and experiment. A key question to understand is how properties of the initial and final state after the quench are reflected in the short and long time dynamics of correlations [11] [12] [13] 23] . For example, a key difference between our calculations and the experimental and numerical findings is the rapid decay of correlations in the latter case. It will be extremely interesting to study whether one can extract properties of the excitation spectrum and quasi-particle decay rates from this long time behavior. An important limitation of state of the art numerical methods is that they are restricted to one-dimension or small system sizes in higher dimensions. Mean-field or Boltzmann equation type approaches that take into account correlations in the initial state may be able to shed light on the dynamics of quasi-momentum in higher dimensions.
Here we have shown that non-trivial dynamics occurs even for quenches to weak interactions [11] . It will be extremely interesting to explore this parameter regime experimentally. In particular the momentum distribution after a quench can be readily obtained by time-of-flight or bandmapping. A major advantage of experiments is that they can be performed in higher dimensions, where theory is largely restricted to mean-field type approaches that typically do not capture correlations fully [42] .
An important question for both theoretical and experimental consideration is to understand whether nonintegrable systems generically approach equilibrium in a three-step manner [35] : on short times, the system is effectively "collisionless" and supports freely propagating quasi-particles bearing information about the initial state; on intermediate timescales it approaches a nonthermal but steady state due to interference and dephasing between these quasi-particles and on long times, the system loses memory of its initial state, and ultimately approaches equilibrium driven largely by collisions between low energy degrees of freedom.
We hope that future experiments along these lines will be able to determine the nature of the final state after such a quench and settle questions regarding the emergence of long range order and thermalization in isolated quantum systems.
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Combining Eqs. (B-2, B-3, B-4 , B-5) with the appropriate signs, yields after some manipulation, the final expression in Eq. 8.
Note that the terms Eqs. B-4, B-5, corresponding to three-particle scattering involve an additional factor of J k , and are suppressed in magnitude compared to the terms in Eqs. B-2, B-3.
Considered separately these terms have very distinct effects. In Fig. 6 we plot the time evolution of the momentum distribution assuming only the second order terms. Note first that both the second order terms yield a momentum distribution that is symmetric about q = π/2, as opposed to the first order term, shown in Fig. 3 . Moreover, while the term representing twoparticle scattering tends to enhance the peak-like feature at finite momentum, the term representing three-particle scattering tends to suppress the occupation at finite momentum.
